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STARLIKENESS PROBLEMS 
FOR CERTAIN ANALYTIC FUNCTIONS 
CONCERNED WITH SUBORDINATIONS 



HITOSHI SHIRAISHI, SHIGEYOSHI OWA, TOSHIO HAYAMI, 
KAZUO KUROKI AND H. M. SRIVASTAVA 



Abstract. Let An be the class of functions f{z) which are analytic in the 
open unit disk U with /(O) = 0, /'(O) = 1, /"(O) = /'"(O) = . . . = /(") = 
and ^ 0. Applying the results due to S. S. Miller (J. Math. Anal. 

Appl. 65(1978), 289-305), some interesting starlikeness problems concerned 
with subordinations are discussed. The results in the paper are extensions 
of results by M. Obradovic (Hokkaido Math. J. 27(1998), 329-335). 



1. Introduction 
Let 7^[ao,n] denote the class of functions p{z) of the form 

oo 

p{z) ^ ao + J2 "'kz'' 1,2,3,...) 

k—n 

which are analytic in the open unit disk U = {z G C : |z| < 1}, where ao G C. 
Also, let An denote the class of functions 

f{z) = z + a„+iz"+i + a„+2z"+2 + . . . (n = 1, 2, 3, . . .) 

that are analytic in U with a„+i ^ and A = Ai- 
If f{z) G An satisfies 



Re I -^J^ ] >a (z G U) 



for some real a (0 ^ a < 1), then we say that f{z) is starlike of order a and written 
by f{z) G S*{a) and S* = S*{0). 

Let f{z) and g{z) be analytic in U. Then f{z) is said to be subordinate to g{z) if 
there exists an analytic function w{z) in U satisfying w{0) = 0, |u'(z)| < 1 (z G U) 
and such that /(z) — g{w{z)). We denote this subordination by 

/(z) -< g{z) (z G U). 

In particular, if g(z) is univalent in U, then the subordination 

/(z) -< g{z) (z G U) 
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is equivalent to /(O) = 5(0) and /(U) C g(U) (cf. [3]). 

The basic tool in proving our results is the following lemma due to Miller and 
Mocanu [2j (also i3j). 

Lemma 1. Let the Junction w{z) defined by 

w{z) = a^z^ + a„+i2"+i + a„+2z"+^ + . . . (n = 1, 2, 3, . . .) 

he analytic in U with i(;(0) = 0. // attains its maximum value on the circle 

\z\ = r at a point z^ G U, then there exists a real number k ^ n such that 

Zqw'{zo) _ ^ 
w{zo) 



2. Main result 
Applying Lemma [TJ we have the following lemma. 

Lemma 2. Let p{z) £ satisfy the condition 

p{z) - -zp'{z) ^ 1 + Az (z e U) 
M 

for some complex number n (Re(/x) < n,/z 7^ 0) and some complex number A 
(0 < |A| ^ 1), then 

p{z) 1 + Aiz [z £ U), 
where Ai is a complex number such that 

lA.IHAI^. (2.1) 

Proof. We consider the function p{z) defined by 

p{z) = 1 + \iw{z) 

with Ai is given by p.ip . Then, w{z) is analytic in U and w(0) = 0. We want to 
show that 1^(2)1 < 1 (z e U). If there exists a point zq € U such that |t(;(zo)| = 
then we can write zow'(zo) — kw{zo) {k ^ n) by Lemma [1] Putting w{zo) = e'^, 
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we get 



p{zo) zop'{zq) - 1 



Aiu'(zo) Aizow'(zo) 



Aie 



ie 



= |Ai 



|A: 



I - fc| 

' H 

v/(fc - Re(M))^ + (Im(M))- 



^ |Ai 



V(n - Re(/i))^ + (Ini(M))^ 

' ImI 



This contradicts the assumption of LemmaO Therefore, there is no zq G U such 
that |t(;(zo)| ~ 1. This imphes that |w(2:)| < 1 (z €E U). This completes the proof 
of the lemma. □ 



Next, we show 

Lemma 3. Let X and Ai be complex numbers such that < |Ai| < |A| < 1 and 
let Q{z) G such that 

Q{z)^l + \iz (zeU). (2.2) 

(1) Ifp{z) e and 

Q{z)[a + {I ~ a)p{z)] < I + \z (z € U) (2.3) 

for some real a such that 

1-|A| 



m|2'i^l^ |2^ (2.4) 

2|rM'p) ^ (|AP.|A.,^.1.|AK,A,,), 

t/ien Re(p(z)) > 0. 
(2) Ifw{z) e n[0,n] and 

g(z)[l + w(z)] 1 + Az (zGU), (2.5) 

then 

I-WK^^^l, (2.6) 

where |A| + 2|Ai| ^ 1. 
r/ie bound (j2.6p anc? f/ie uaZtie o/ a given by (|2.4p are 6est possible. 



(0< |A| + |Ai| ^ 1) 
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Proof. To prove ([Ij, we think about 

1 + Az 



1 + Xie'^z 



for sonic real 0. 
It follows that 



9iz) 



1 - AAir^e" 



1-|A: 



|2„2 



< 



(z eU) 



|A - Aie^^lr 

|2-,2 



1-|A: 



for |z| ^ r < 1. 

If we put A = lAje''*", Ai = |Ai|e*^i and cj) = 6o ~ 6i ~ 6, we can rewrite 



1 - lApilr^e^"^ 



1 - |Ai|2r2 



< 



||Ai|-|A|e'^|r 



1 - |Ai|2r2 



(|z| ^ r < 1). 



Hence for all r (0 < r < 1), we obtain 



1 - |A||Ai|cos0-V|A|2 -2|A||Ai|cos0+ |Ai|2 _ 
R-e(5(z)) > ^ — = 'iw)- 



1- |Ai 



Note that 



|A||Ai|sin0 
l-|Ai|2 



v/|A|2-2|A||Ai|cos0+|Ai|2 



Therefore, h'{(j)) = if sin((/i) = or ^|A|2 - 2| A| | Ai | cos </) + |Ai |2 = 1. Since 
|Ap-2|A||Ai|cos0+|Aip ^ (|A| + |Al|)^ 

if < |A| + |Ai| ^ 1, then h'{(t)) = for = 2fc7r {k = 0,±1,±2,---) and 
{2k + 1)tt {k — 0, ±1, ±2, • • • ). With this conditions, we see that 



^ /i(2fc + l)7r = 



l + |Ai| 



> 



If ^|A|2 -2|A||Ai|cos(/i+ |Ai|2 = 1, then = for = such that 

|A|2-|A||Ai|cos0i + |Aip = l. 

Thus, we have that 



l-(|Ap + |Aip) 
2(l-|Ai|2) 



> 



a 



with |A|2 + |Ai|2^1^|A| + |Ai|. 

On the other hand, in view of (|2.2I) and (|2.3I) . we have 



a + (1 - a)p(z) ^ .g(z) (z e U). 
So, we can lead Re{p{z)) > 0. 
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To prove ([2]), note that in view of p.2p and p.Sp we have 

{Q{z){l + w{z)) - 1) - {Q{z) - 1) 



\w{z)\ 



< 



< 



< 



Q{z) 

|Q(z)(l + ^;(z))-l| + |Q(z)-l| 

|A| + |Ai| 
|l + Aiz| 

1^1 + 1^-^^! izeU). 



1- 

Let us show the sharpness. 
We take 

Q{z) ^1 + Xiwi{z) (zeU) 

where Wi{z) is analytic in U such that Wi{0) = and |wi(z)| < 1 (z G U). 
In the case of (P), we put 

Q{z)[a + (1 - a)p{z)] = 1 + Xwo{z) (z G U) 

where Wo{z) is analytic in U such that Wo(0) — and |wo(z)| < 1 (z G U). Since 



p{z) 



1 



1 + Awo(z) 



1 — a \ 1 + Xi'Wi{z) 

if we consider Wo(z) such that Xwq{z) = — |A| and AiWi(z) = |Ai|, then we have 
" = rT^ (0<|A| + |Ai|^l). 

Furthermore, if we take 'Wo{z) such that Xwo{z) — lAje*^" and wi{z) such that 
Xiw^z) = |Ai|e'^i, then we obtain that 

i-(iAp + iAin 



a 



with 
and 



2(l-|AiP) 

lAlsine^o - |Ai|sin6'i + |A| |Ai | sin(6'o - 6*1) = 



2(1 - |Aip)|A|cos6'o + 2|AnAi|cos6'i + 2(1 - |Ain|A||Ai| cos(6io - 6I1) 

= (|Aip-l)(l + |Ap-|Ain. 

In the case of we put 

Q(z)[l + w(z)] = l + Ai(;o(z) (zgU) 

where woiz) that wo{0) — and |wo(2)| < 1 (z G U). 
Then, we can obtain 



If we take 



w{z) 



1 + Xwo{z) 
|A| + |Ai 



1-IAil 

then we have Awo(z) = |A| and AiWi(z) ~ — |Ai 



{z e U), 



□ 
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If we consider some real A, Ai and fixed a in Lemma [Sj we obtain Corollary [T] 
due to S. Ponnusamy and V. Singh 0. 

Corollary 1. Let A and Ai be real with < Ai < A < 1 and let Q{z) G 'H[l,n] 
satisfy 

Q{z)-<1 + Xiz (zeU). 

(1) Ifp{z) G n[l,n] and 

Q{z)[a + {1 - a)p{z)] 1 + \z (z G U) 
for some real a such that 
1 - A 



(2.7) 



1 + Ai (0<A + Ai^l) 
^(r^ (A^ + A?,f,A.AO, 

then Re{p{z)) > 0. 
(2) Ifw{z) G n[0,n] and 

Q{z)[l + w{z)]'<l + \z (zGU), 

then 

Hz)\ < ^ 1, (2.8) 

where A + 2Ai ^ 1. 
The bound (j2.8l) and the value of a given by (|2.7p are best possible. 

By virtue of Lemma [H we deduce the sufficient condition for the class S* . 

Theorem 1. If f{z) G An satisfies the condition 

z ^ 



for some complex numbers /i (Re{p) < n) and A such that 
< |A| < , =, i/ien /(z) G 5*. 



Proof. If we put 

Q(^) 

then we get 



fiz) 



Q{z)~-Q'{z)^f'{z){ — ] ^1 + Az (zGU) 



for < |A| ^ 1. 

In view of Lemma [U we obtain 



Q(z)^l + Aiz (zgU) (2.9) 
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Then, we see that 



|Ai| = |Ah 



ImI 



Ml' 



and 



arg 



arg fiz) 



arg 



< arctan 



|A| 



/(^) 



which give 



arg 



< 



arg fiz) 



< arctan 



= arctan 



|A| 



< arctan 



arg 



|Ai| 



fiz)^' 



( |A| 



arctan 



|Ai| 



|Ai| \ 



^ |A||Ai| 
V v/(l-|AP)(l-|Ai|2)y 



^2 e 



This imphes that f{z)eS* 

On the other hand, when we have 



1 - 



|A||Ai 



>0, 



A satisfies 



v/(l-|A|2)(l-|AiP) 



|A|< , <1. 



□ 



Taking n=l,0<^<l and < A < 1, we have the next corollary due to 
Obradovic [3]. 

Corollary 2. // f{z) e A satisfies the condition 



fiz) 



fz) 



- 1 



< A (z e U) 



/or some < /i < 1 anrf < A < 1, f/ien /(z) € 5*. 



Applying Lemma [3l we derive the following theorem. 
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Theorem 2. Let f{z)E An satisfy the condition 



^ 1 + Az 



(z eU) 



(2.10) 



for some complex number ^Re(/Lt) < '^^ • f ^^'^ complex number Ai «s given by 

ImI 



|Ai| = |Ah 



■Ml' 



then 



(1) /(z) G 5* (a) where 

1-|A| 
l + |Ai| 

l-(|Ap + |Aip) 
2(l-|AiP) 



0< |A| 



< 



Ml 



< 



n-/x| + |^|_ 



|n- - mI + 



and 



(2) 



where < |A| ^ 



I"-mI - ImI|A| 

|n - /i| 



|n-/i| + 2|/ir 



Proof. Let us define 



p(z) 



zf'jz) 



and 



, N Zf'lz) 



Then by the equation (|2.9p of Theorem [U we have 

g(z)^l + Aiz (zeU) 

where < |Ai| = lAI-; — ^— — r < lAI < 1 since Re(/i) < — . Also, since the condition 

\n — fi\ 2 

(12.101) is equivalent to 

Q{z) 



a + (1 — a) 



p{z) — a 



1 — a 



1 + Az (z G U) 



with a is given by (|2.4p and as 

Q(z)[l + u;(z)] ^ 1 + Az (zGU), 
the statement of the theorem directly follows from Lemma [3l 



□ 



Putting n = l,0</j,<-,0<A<l and fixed a, we get the following corollary 
due to Obradovic [J]. 
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Corollary 3. Let f{z) G A satisfy the condition 



- 1 



< A (z e U) 



with some < fi < —. If the real number Ai is given by 



Ai = A- 



then 



(1) f{z) e S*{a), where 
1 - A 



1 + Ai 

1 - (A^ + Xf) 
2(1 -Af) 



(0 < A ^ 1 - ^) 
(l-^^ A^ 



(2) 



/(^) 



< 



A 



where < A < 



1-M 

1 + 



1 — /i — /iA 



^1 (2 e U) , 



Using Lemma [2] and Lemma [3l we derive 



Theorem 3. If f{z) G An satisfies 

i+fj. 



and 



F{z) = z 



^ 1 + Az (z G U) 



t'-^'-^dt 



(z G U) 



/or some complex numbers X,fJ-, and c such that Re(c — /i) < n, then 

\n- fiWn- (c-^)l 



(1) F{z)£S*for\c~^i\\X\^ 

(2) F(z) G 5* (a) where 
l-|Ai| 



v/|n-/ip + lMl' 



a 



< 



I + IA2I 

2(1-|A2|2) 



|AiH|A| , |A2| = |Ai| 



0< |Ai| ^ 

I»-mI 

|n - /i| + 1^1 



\n- fi\ + 
^|Ai|^ 



\n - fi\ 



(3) 



zF'{z) 



and Re(/i) < — . 
\n — fi\ 2 



Fiz) 



1 



< 



(|n-/i| + |/i|)|c-/i||A| 
I" - (c - lJ^)\\n - ti\ - |c-/i||/i||A| 
^here |c-mI|A| < '"7^"",^^""'^' anrf Re(M) < -. 



^1 (z G U) 
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Proof. If we put 



Q{z)^F'{z)' 



after some transformations, we obtain 



Q{z) + J—zQ'iz)^f'{z) 



^1 + Xz. 



Therefore, spending the same technique as in the proof of Lemma we have 
that 



and 



Qiz) ^1 + X2Z (z e U) 

I ImIIc-mI 



\n- fi\\n- (c-^)l' 

The statement of the theorem now easily follows from Theorem [T] and Theorem 

m □ 



Taking n=:l,0<^<l,0<A<l and fixed a, we obtain the next the corollary 
due to Obradovic [4]. 



Corollary 4. If f(z) G A satisfies 

l+Ai 



< A (z G U) 



and 

F{z) = z 
for c — fi > 0, then 



z'-^ Jo V/Wy 

(1) F{z) e S* for (c - 



f-^'-^dt 



{z e U) 



< (l-/i)(l-(c-/^)) 



(2) F{z) G S*{a) where 

1- Ai 
I + A2 

1-(A^ + Ai) 
2(1 -Ai) 



(0 < Ai ^ 1 - ^i) 
Ai ^ 



1-M 



c — /I X M 1 

Ai = A- A2 = Ai- and < fi< -. 

1 — (c — /i) l^M 2 



(3) 



zF'{z) 



F(z) 



1 



< 



(c - ^)A 



(1 - (c - ^))(1 - - (c - fj.)fiX 



^1 (z G U) where 



< A < ■5^— 5^ ^7^^^^^ — and 0<fi<-. 
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